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Abstract. We prove stability of rank two tautological bundles on the Hilbert square of a surface 
(under a mild positivity condition) and compute their Chern classes. 

Let 5 be a smooth, projective surface, let Hilb^(S') be the Hilbert scheme parametrizing sub- 
schemes of S of length 2. It is known by a classical theorem of Fogarty [Fo] that Hilb^(5) is a 
smooth, projective variety of dimension 4. Let Z C S x Hilb^(5) be the universal subscheme, 
denote hj p : Z ^ S and hy q : Z ^ Hilb^(5') the projections. Given a line bundle £ on S, the 
sheaf £[^] := q^:P*C is a rank two vector bundle on Hilb^(5), called the tautological vector bundle 
associated with C 

In this note we prove the following 

Theorem. Assume that h^{S,C) > 2. Then for N ^ 0, the vector bundle £'^1 is fiHpfStable on 

mih\s). 

Here, H]\f is a polarization of the form Sym^ (NH) — E where H is an ample divisor on S and 
E C Hilb^(S') denotes the exceptional divisor of the Hilbert-Chow morphism. 

The proof of the theorem relies upon the fundamental short exact sequence for tautological vector 
bundles on the blowup of S x S and upon the corresponding result for curves which was proved by 
Mistretta [M]. 

Originally, our interest in this result came from the desire to produce vector bundles on Hilbert 
schemes of K3 surfaces with interesting metrics and with interesting Chern classes. For this reason 
we give a formula for the Chern classes of £^^1 in terms of the symmetric product of ci(£), of [E] 
and of the characteristic classes of Hilb^(S'). 

After introducing some notation in Section [1] we proof the theorem in Section [2l Finally we 
calculate the Chern classes of £[^1 in Section O 
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1. Some notation 



Let iA : A > X S be the diagonal. Denote hy a : SxS^SxS the blowup of 5 x 5 in A. 
The natural action of the symmetric group S2 on 5 x extends to a holomorphic action on S x S 
and Hilb^(5) = S x S/&2- Let ld ■ D ^ S x S he the exceptional divisor of a. 

In the following diagram we summarize the situation and, at the same time, give names to the 
various natural maps. 

I-D 



D 



S X S 



5~ A 




Hilb^(5) 



Sjm\S) 



Given an ample hypersurface H C S, for sufficiently large the divisor := N {r'^H -\-r2H) — D 
is ample on S" x S". Moreover, this divisor is invariant under the action of ©2 on the divisor class 
group of S" X S", hence it is of the form tt*Hi\; for an ample divisor on Hilb^(S'). 

Finally we recall the notion of //-stability. Let 1" be a smooth, projective variety, polarized by 
an ample divisor H. Let f be a torsion-free coherent Oy -module. Then the slope of £ with respect 
to H is defined as 

/^Ci(^)[i/]di-(i^)-l 



(1) 



The sheaf £ is called ^h- stable if for any subsheaf J- <Z £ with < rk(.F) < rk(iS) we have 
P-h{^) < 1^h{£)- 

2. Proof of the Theorem 

If £[^1 had a destabilizing subsheaf, then by passing to the reflexive hull we see that there would 
exist a destabilizing line bundle. Thus, any destabilizing subsheaf of £^^1 on Hilb^(S') with respect 
to Hn induces a destabilizing sub-line bundle of £ := 7r*>C[^l on 5 x S with respect to Hn. We will 
show that £ is //^^-stable. This will finish the proof of the theorem. 

For i = 1,2, put Ci := r^C and let Cd '■= i-d,*(^*d^- Consider the fundamental short exact 
sequence (see e.g. the proof of |Dl Prop. 2.3]) 

(2) 0^ £ ^ Ci®C2^ ^D^O 

where the surjection on the right is given by (si,S2) 1-^ s^d — S2\d- This sequence shows that 
ci(£') = ci(£i) -|- ci{C2) — [D\. Moreover, we deduce that £ contains the line bundles Ci{—D) and 
C2{-D). 

Let now ^ C £" be an arbitrary sub-line bundle. Then A has one of the following three properties: 
1.) AcCi{-D), 
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2. ) ACC2{-D), 

3. ) A (t- Ci{-D) and A C2{-D). 

We will prove that there exist Ni,N2, N3 € N such that for all ^ C £^ with property i = 1, 2 or 
3 and for all N > Ni we have 

(3) /^5,(-^)<^5,(0- 

Assume first that we are in case 1.), i.e. that A C Ci{—D). Choose a natural number A'^i > 4 (this 
will be useful in ([TO]) below) such that Hn is ample for all N > Ni. Then /i^ (A) < A*// 
for all N > Ni. Let ai := ci(£j). Then ci(£^) = ai + a2 — [D] and therefore 



'J S X S \ / 



(4) = / ^^^[^^]^+ 



"2 -air5^..i3 , /" [-^]ru..i3 



5x5 2 75x5 2 



IN 



0+ 



5x5 



2 



> 



for all N > Ni because D is effective and Hf^f is ample. 

An analogous reasoning applies in case 2.) with = -^i- 

In case 3.) we proceed in two steps. First we show that 
(5) ^if{A) < Hf{£), 

where F = r\H + rl-ff and /ii? is the slope with respect to the nef divisor F, defined as in ([1]). 
Then we use an asymptotic argument to complete the proof. 

To prove ([5]), we will consider two divisors in \MF\ for an appropriate M > which intersect 
along a reducible surface. Then we reduce our computation to the irreducible components of these 
surfaces. 

Choose M sufficiently positive such that the linear system |M//| contains two distinct, smooth 
curves C and C meeting transversely. Denote by 

Gi := {C X S)U{S X C') and by G2 := {C x S) U {S x C), 

let Gi and G2 be their strict transforms under a:SxS^SxS. Note that Gi G \MF\ because 
each component of Gi meets the center of the blowup, namely the diagonal of 5" x 5", along a curve. 
The intersection Gi G2 is the disjoint union of the four smooth surfaces 

Ti:={CnC^xS, T2 := 5 xTcnC), 
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where for any subvariety Y C SxS we write Y for the strict transform of Y under a:SxS^SxS. 
Then for the F-slope of any coherent sheaf we find 



^^^^^•^^ = rk(^) = 1^ -Tk{rr 

where degy.(jr) := ci(J?^'p.)[MF]|7-.. We will show that 

, . .X , degy^(£:) 
degr^(^) < 

for i = 1, . . . , 4 with strict inequality for i = 3,4. This will conclude the proof of 

i = 1: The surface Ti is a disjoint union of surfaces of the form Sp := {p} x S, p S running 
over the finite set C fl C. Since the fundamental class of Sp does not vary for different p € 5, we 
fix an arbitrary point pQ £ S and we get for any coherent sheaf J- on S x S 

Note that Sp^ is isomorphic to the blow-up of S in po- Denote by apg : Sp^ S the blow-down and 
by Epg C the exceptional divisor. Then 

because ci(f ) = rjj' ci{C) + ci(£) — [D] and because rlC^Sp^ = ^•S'po ■ Now suppose that 
(6) 2 degT^ (A) > degj.^ (vr* 

Then we would get 

2 / ciM|5,„)[MF]|5^^, > / «ci(£) - [i?,J)[MF]|5,^ > 

because [MF]^Spg is a nef class on Sp^ and because (T*g£(X) 0(— Fpo) is the line bundle of an effective 
divisor on Sp^. Indeed, since h^{C) > 2, there exists a divisor K € \C\ with pq e supp(/C). Then 
the strict transform K ol K \s in the linear system |Cp„>C (?) C'(— A^Fpg)! for some k > \. Thus, 
K + {k — l)Epg is an effective divisor with line bundle CTp^C ® 0{—Epg). 

By ©, A\Sp^ C (£i e -^2)1^;^^^ = Cspo © o-po'^- ^^"^^ ^^^^'^ Aspo positive F|5^^-slope, the 
composition ^15^^^ — > CSp,, © '^po^ ~^ ^^po ™^st be zero. Since we chose po £ S randomly, 

assumption ([6]) implies that this composition is zero for all p G S. On the other hand, all x € S" x 5 
lie on some Sp. This shows that the composition 

is zero. But then the short exact sequence ([2]) implies that A C r2C{—D), because the surjection 
Ci(B C2 Cd is given by (si, S2) ^ — S2\d- This is a contradiction to the assumption that A 
satisfies 3.). 

i = 2: analogous to i = 1. 
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i = 3: Note that C x C is isomorphic to C x C and that 

MF~ = M{plH^c+P*2Hic) 
where pi : C x C ^ C are the projections. Moreover, it is easily checked that 

where ire : C x C ^ Hilb^(C) is the natural projection and is the tautological line bundle 

associated with C^q on Hilb^(C). It remains to apply [M], Cor. 4.3.3 which says that 7r^>C|^ is a 
stable vector bundle on C x C. 

i = 4: analogous to z = 3. 

Thus, we have proved ([5]). To conclude the proof of ([3]) we define for n € N the linear function 

2 



Then noting that Hn+N-i = nF + Hni, we get for all T € Coh(S' x S) 

Inequality ([5]) implies that there exists a positive constant k € M>o such that for all sub-line bundles 
A C £ with property 3.) we have 

(8) fiF{£) - M-^) > k. 

This is because fip takes integer values on line bundles. 

We will now show that ipn{A.) < ipniS)- To see this, we first prove that AriCi{—D) = 0. Indeed, 
otherwise the torsion-free sheaf A + Ci{—D) would be of rank 1 as follows from the short exact 
sequence 

0^ AnCi{-D) ^A®Ci{-D) ^A + Ci{-D) ^0. 

Then the reflexive hull of ^-|- Ci{—D) would be a sub-line bundle of £ which again would have 
property 3.) because A C A' . From ^ we deduce fipiA') < ^f{£)- On the other hand 



^ip{Ci{-D))= f{ai-[D])[F] 
JSxS 

ailFf 



SxS 
5x5 

ai -I- a2 



[Fr 

5x5 ^ 

«1 + «2 - [D] ^^j3 



'5x5 
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Here, we used that the integral over a cohomology class of degree 6 on D which is pulled back from 
A vanishes. Using that Ci{—D) C A! and that F is nef, we get a chain of inequalities 

This is a contradiction, whence A n Ci{—D) = 0. 
Then we have a short exact sequence 

(9) O^A®Ci{-D)^£^Q^O 

where Q is a torsion sheaf. It follows that ci(Q) is either zero or effective. Since ipn involves only 
products of the nef divisor F and the ample divisor Hn^^, this implies that ipn{Q) > 0. 

We claim that there exists ni E N such that for n > ni we have ipn{^i{—D)) > 0. To see this, 
it is enough to show that the n^-term of Lpn{Ci{—D)) is positive. We have 

ci(/:i(-Z?))[F]2[#^J = (ai - [D])[Ff{N,[F] - [D]) 

= iViai[F]3 + [Ff[Df - [D]{N^[Ff + ai[Ff). 

If q denotes the intersection product on S, then we obtain 

fma,[Ff+ ([Ff[Df = N^ [ rlc,iC)irl[H]+r*,[H]f+ [ [FfC 
JSxS JSxS JSxS JD 

(1°) ={?,N,q{cr{CUH])-^m]) 

> 0. 

Here, ri : S x S ^ S are the projections and ^ = [D]^d = ci(Op(_/v-^|g^g)(— 1)). We use that 
Id(^d'^)^ = —J^gQ for a G H*{S,Q), that iVi > 4 and that ci(£) is an effective class on S. This 
proves the existence of ni with ipn{Ci{—D)) > for all n > ni. 
Now by dH) we have 

(11) M^) = Vn{£) - Vn{Q) - iPn{Ci{-D)) < ^n(.£) 

for all n > ni. 

Putting together ([7]), ([8]) and (jlip we find for n > rii and for all line bundles A C £ with property 

3.) 

,3/.. rc\ .. I AW , 'Pn{£) 



/^i?„+^, (^) - = ^ M£) - MA)) + - MA) 



.3, fn{£) 



2 

Now since k > and since ipn{£) is a polynomial of degree 2 in n, there exists n2 > ni such that 
n^k — f^^Ml > for all n > n2- Therefore, with N3 := Ni + n2, inequality ([3]) is satisfied for i = 3. 
This completes the proof. □ 
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3. The Chern character 

In this section we express the Chern classes of £1^^ in terms of C2(Hilb^(5)), of the symmetric 
product of ci{C) and of the fundamental class the the exceptional divisor of the Hilbert-Chow 
morphism Hilb^(5) — > Sym^(S). Since Hilb^(5) ~ 5 x S/&2, via pullback along the quotient 
morphism vr we get an identification H* {Rilh'^ (S) , Q) ~ H*{S x S,Q)^^ (see [G]) and we are 
reduced to calculate the Chern classes of 7r*C^'^\ By the short exact sequence ([2]) we get 

vr* ci (£[^1) = Qi + 02 - [D] and 

7T* C2(/:['l) = C2iCi e £2) - C2{Cd) - ci (£[']) ci{Cd) = aia2 - ^(ai + a2)[D], 

where as above = r*ci(£) and where we used the Grothendieck-Riemann-Roch theorem to 
calculate C2(£z)). 

Using the tangent bundle sequence for the ramified covering vr : S x S ^ Hilb^(5') and the 
formula for Chern classes of blow-ups (cf. \Fu.\ Ex. 15.4.3]) we can express the pullback of the 
(4, 0) + (0, 4)-Kiinneth factor of the diagonal AcSxStoSxSas follows: 

-( / ch2(5)) . a*i[Ar + [Ar) = vr*(c2(Hilb2(5)) - -1^^' (S)) + cimh\S))6 ^ 3^,^ 
Js 2 
where S G {mih'^ (S) , Q) is the class with Tr*5 = [D]. If Jgch2iS) / 0, this implies that 

aia2 = ^((ai + 02)^ - aj - af) = i((ai + aa)' - q{ci{C)) ■ ct*([A]4'0 + [A]"'^)) 

(ai + aa)^ , q{ci{C)) , .„.„2.c^^^ cf (Hilb^(S)) + ci(Hilb^(g))^ , ,,21 
= 2 + 2/^ch2(5)^'^^^^^^ ^^^^ 2 

Here, q denotes the intersection product on H'^{S,Q). 

Let If : H'^{S,Q) — > -ff^(IIilb^(S'), Q) be the homomorphism which is determined by 

IT* ^{(3) =?lj3 + m3 for all ^ e H^iS,Q)- 

Summarizing the above discussion we have achieved an expression of the Chern classes of £'^1 in 
terms of ci(Hilb2(5)) and C2(Hilb2(5)), of ^(ci(£)) and of S: 

Proposition, i) Assume that Jgcli2{S) 7^ 0. Then the Chern classes of C^'^^ 

ci(/:[2l) = ip{ci{C))-6 and 



are 



C2(£ 



[2U ^ 9^(ci(£))^ - V?(ci(/:))^ 
2 



Qi^ii^)) r c,(Hilb^(5)) ^i(Hilb^(^)) + ci(Hilb^(^))^ , 3^21 _ 



2/5ch2(5) 

ii)For N ^ 0, the bundle C^'^^ satisfies the strict Bogomolov-Liibke inequality, that is 

A{d'y)H% = (4c2(/:[2l) - cl{C^'^))H% > 0. 
In particular, £[^1 is not projectively flat. 
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Proof. It remains to show ii). Using the above calculations we find 

^*A(/:[2]) = 2aia2 - af - al ~ [Df = A{Ci © C2) - [Df. 
Now, Ci © C2 is //^^-polystable, thus 

A(£i ® C2)H% > 0. 

On the other hand, 

-[Dl^Hj^ = - [ = m^qiH) + 0(Ar) > for AT > 0. 

JD 

Thus 

A(£[2l)F|f = 7r*A(£[2])/f2^ > q 
for AT » 0. □ 
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